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Let C be a nonempty closed convex subset of a Hilbert space H, G a right 
reversible semitopological semigroup, and S= {S(t): t E G} a continuous 
representation of G as Lipschitzian mappings of C into itself. Then we deal with the 
asymptotic behavior of an almost-orbit {u(t): t E G} of S = {S(t): t E G). We tirst 
prove that if limsup, k, < 1, then the closed convex subset 
(-j co{u(t): t>s} nF(S) 
SCG 
consists of at most one point, where k, is the Lipschitzian constant of S(t), t E G. 
Then we apply this result to study the problem of weak convergence of the net 
{ u( 1): t E G}. 0 1989 Academic Press, Inc. 
1. INTRODUCTION 
Let C be a nonempty closed convex subset of a real Hilbert space H and 
let T be a mapping of C into itself. T is said to be a Lipschitzian mapping 
if for each n 2 1 there exists a positive real number k, such that 
I T”x - T”yl <k,, Ix - yl 
for all X, y E C. A Lipschitzian mapping is said to be nonexpansive if k, = 1 
for all n > 1 and asymptotically nonexpansive if lim, k, = 1, respectively. 
Let S = {S(t): t > 0) be a family of nonexpansive mappings of C into itself 
such that S(0) = Z, S(t + s) = S(t) S(s) for all t, s E [O, co) and S(t)x is con- 
tinuous in t E [O, co ) for each .x E C. The S is said to be a nonexpansive 
semigroup on C. Recently, Miyadera and Kobayasi [7] introduced the 
notion of an almost-orbit of a nonexpansive semigroup on C and 
established the weak and strong convergence of such an almost-orbit. See 
also [ 1 ] for an almost-orbit of a nonexpansive mapping. 
In this paper, we introduce the notion of an almost-orbit {u(t): t E G} of 
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a family S = (S(t): t E G} of Lipschitzian mappings of C into itself, where 
G is a right reversible semitopological semigroup, and prove that if S= 
(S(t): t E G} is a family of Lipschitzian mappings with lim supI k, 6 1, 
where k, is the Lipschitzian constant of S(t), t E G, then the set 
s(-)Gw{u(t): es} nF(S) 
consists of at most one point, where W(u(t): t as} is the closed convex 
hull of {u(t): t as} and F(S) is the set of common fixed points of 
S = {S(t): t E G}. This result is applied to study the problem of weak 
convergence of the net (u(t): t E G}. We also prove that if Q is the metric 
projection of H onto F(S), then the strong limit of the net { Qu(t): t E G> 
exists. Our proofs employ the methods of Takahashi [lo], Takahashi and 
Park [ll], Ishihara and Takahashi [S], and Miyadera and Kobayasi [7]. 
The results are generalizations of [S, 8). 
2. DEFINITIONS AND LEMMAS 
Let G be a semitopological semigroup; i.e., G is a semigroup with a 
Hausdorff topology such that for each UE G the mappings g + a. g and 
g -+ g. a from G to G are continuous. Let C be a nonempty closed convex 
subset of a Hilbert space H. 
DEFINITION 1. A family S = {S(t): t E G} of mappings from C into itself 
is said to be a (continuous) representation of G on C if S satisfies the 
following: 
(1) S(ts)x=S(t)S(s)x for all t, SEG and XEC; 
(2) For every XB C, the mapping s + S(s)x from G into C is 
continuous. 
DEFINITION 2. Let S = {S(t): t E G} be a representation of G on C. S is 
said to be Lipschitziun on C if for each t E G, there exists k, > 0 such that 
IS(t)x-S(t)yl <k, lx-y] for all x, ~EC. 
A semitopological semigroup G is right reversible if any two closed left 
ideals of G have nonvoid intersection. If G is right reversible, (G, <) is a 
directed system when the binary relation “ <” on G is defined by a < b if 
and only if {a> u?Z= {b} ~775. 
DEFINITION 3. Let G be a right reversible semitopological semigroup 
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and let S = {S(t): t E G} be a representation of G on C. A function U: G -+ C 
is said to be an almost-orbit of S if 
lim(sup lu(st) - S(s) u(t)l) = 0. 
I 1 
Let F(S) denote the set of all common fixed points of mappings S(t), 
t e G in C; i.e., F(S) = ( x E C: S(t)x =x for all t E G}. Then the following 
result is proved by Ishihara and Takahashi [S]. 
LEMMA 1. Let G be right reversible and let S = {S(t): t E G} be Lipschit- 
zian on C with limsup, k, < 1. Then F(S) is closed and convex. 
We also prove the following lemmas. 
LEMMA 2. Let G be right reversible and let S= (S(t): t E G} be Lipschit- 
zian on C with limsup,k,<l. Zf {u(t):tEG} and {v(t):tEG} are 
almost-orbits of S = {S(t): t E G}, then the limit of lu(t) - u( t)l exists. In 
particular, for every z E F(S), the limit of [u(t) - zI exists. 
Proof: Put 
4(s) = s’fp l4ts) - S(t) 4S)l> VQb) = “‘fP IV(@) - S(t) 4s)l 
for s E G. Then lim, d(s) = lim, $(s) = 0. Since, for any s, t E G, 
lu(ts)-v(ts)l~(u(ts)-s(t)u(s)~+IS(t)U(S)-s(t)v(S)( 
+ IS(t) v(s) - 4ts)l 
G d(s) + WI + k, I+) - v(s)l, 
we have 
infsup lu(r) - o(r)/ d d(s) + $(s) + (infsup k,) /u(s) - u(s)1 
I r<r I t=sr 
G 4(s) + 4+(s) +Ids) - 4s)l, 
and then 
infsup 14~) - v(s)1 < supinf 124(s) - U(S)/. 
I r<r f r<s 
Thus, lim, lu(t) - v(t)1 exists. Let z E F(S) and put u(t) 3 z. Then v(t) is an 
almost-orbit and the limit of [u(t)--/ exists. 
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LEMMA 3. Let G be right reversible and let S = (S(t): t E G} be Lipschit- 
zian on C with limsup, k, < 1. Let {u(t): t E G> be an almost-orbit of S = 
(S(t): t E G}. Zf F(S) # 0, then there exists t,,E G such that (u(t): t > to} is 
bounded. 
Proof. Let z E F(S). Then, since lim, I u(t) - zI exists by Lemma 2, there 
is t,EG such that {\u(t)--1: t3to} is bounded. Hence {u(t): tat,} is 
bounded. 
Let {xa} be a bounded net of a Hilbert space H and let C be a non- 
empty closed convex subset of H. Then we define 
Y(X) = r( {x,}, x) = limsup lx, -xl 
a 
and 
Y = r( {xm}) = inf{r(x): x E C}. 
It is well known that there exists a unique point a E C such that r(a) = r. 
The point a is called the asymptotic enter of (x,} in C, and is denoted by 
AC(k)). 
LEMMA 4 (Lim [6]). Let {ys} be a net of C such that limsupB 
r({x,l, y,d~r({x,)). Then yg-,a=W{x,l). 
We also know that if (x,} c C and if {x, > converges weakly to y E C, 
then y is the asymptotic center of {x,> in C [2, Theorem 4.21. Let 
Q be the metric projection of H onto F(S). Then, by Phelps [9], Q is 
nonexpansive. 
LEMMA 5. Let G be right reversible and let S = {S(t): t E G} be Lipschit- 
zian on C with limsup, k, < 1. Suppose that F(S) # 0. Zf {u(t): t E G} is an 
almost-orbit of S = {S(t): t E G}, then (Qu( t): t E G} converges trongly to 
the asymptotic enter of {u(t): t E G} in F(S). 
Proof. Let z be the asymptotic center of {u(t): t E G) in F(S). Then, for 
all s, t E G, we have 
r(Qu(s))G SUP lu(a)-Qu(s)l=suplu(as)-Qu(s)l 
a 2 IS a>t 
d sup lu(as) - S(a) u(s)1 + sup IS(a) u(s) - Qu(s)l 
aat a>, 
G&)+ (su~kz) b(s)- Q4sY G&l+ (supk,) lub)- 4, 
a>t oar 
409/142/l-17 
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where $(s) = supr lu(ts) - S(t) u(s)l. Since lim d(s) = 0, it follows that 
d@(s)) < 4(s) + (limsup k,) MS) - 4 B 4(s) + MS) - ZI f 
and 
limsup r(Qu(s)) d limsup [U(S) - z( = r. 
s 5 
By Lemma 4, we obtain C&(C) -+ z. 
3. ASYMPTOTIC BEHAVIOR OF ALMOST-ORBITS 
In this section, we study the asymptotic behavior of an almost-orbit 
(u(t): CEG} of S= {S(t): EC}. 
THEOREM 1. Let C be a nonempty closed convex subset of a real Hilbert 
space H. Let G be a right reversible semitopological semigroup and let S = 
{S(t): t E G} be a Lipschitzian representation of G on C with limsup, k, < 1. 
Let {u(t): t E G} be an almost-orbit of S= (S(t): t E G}. Suppose that 
F(S) # @. Then the set 
(-) W{ u(s): s > t} n F(S) 
consists of at most one point. 
Proof Let Q be the metric projection of H onto F(S). Then 
{ Qu(z): t E G} converges trongly to the asymptotic enter z of (u(t): t E G} 
in F(S) by Lemma 5. Now, let u E fi, W{ U(S): s 2 t } n F(S). By Lemma 2, 
the limits of lu(t) - z( and lu(t) - u/ exist. Since, for each s E G, 
Iz-z412= 124(s)--u12- /U(S)-zl2-2(z-U, u(s)--)), 
it follows that 
lz-ulz+21im (z-u,u(s)-z)=lim (u(t)--u12-lim (u(t)-zzJ2 
s s 
=lim;up (u(t)--I’-limfup lu(t)-z12 
= r(u)2 - r2 2 0. 
Let E > 0. Then we have 
2lim(z-u,u(s)-z)Z -lz--u12> -~z--uU(~--E, 
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and hence there exists sO E G such that 
2(z-&U(S)-z)> --)Z-ul*-& 
for all s>s,. Since u~~{u(t): tas,}, we have 
2(z-24,24-z)> --(Z-u1*-E, 
which implies that jz - uI* < E. Since E is arbitrary, we have z = U. There- 
fore, 
By using Theorem 1, we study the problem of the weak convergence of 
{u(t): t E G}. For a function U: G + C, let O(U) denote the set of all weak 
limit points of subnets of the net (u(t): t E G}. If {u(t): t E G} is an 
almost-orbit of S= (S(t): t E G} and F(S) # 0, then (u(t): t 3 to} is boun- 
ded for some t, E G, and hence O(U) # 0. 
THEOREM 2. Let C be a nonempty closed convex subset qf a real Hilbert 
space H. Let G be a right reversible semitopological semigroup and let S= 
{S(t): t E G) be a Lipschitzian representation of G on C with limsup, k, < 1. 
Suppose that F(S) # 0. Let {u(t): t E G} be an almost-orbit of S = 
{S(t): t E G}. Zf o(u) c F(S), then the net {u(t): t E G} converges weakly to 
some y E F(S). 
Proof: By Lemma 5, the net { Qu( t): t E G} converges trongly to some 
YE F(S). Since w(u) c n, W{u(s): s z t}, it follows that 
Hence, from Theorem 1, we have 
{y}=r)W{u(s):sW}nF(S). 
Therefore, { y } = o(u), that is, the net {u(t): t E G} converges weakly to y. 
By Theorem 2 and Lemma 5, we have the following: 
THEOREM 3. Let C be a nonempty closed convex subset of a real Hilbert 
space H. Let G be a right reversible semitopological semigroup and let S= 
{S(t): t E G} be a Lipschitzian representation of G on C with limsup, k, < 1. 
Suppose that F(S) # 0. Let {u(t): t E G} be an almost-orbit of S = 
{S(t): LEG}. Then {u(t): teG} converges weakly to some y E C if and only 
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if u(ht) - u(t) converges weakly to 0 for all h E G. In this case, y E F(S) and 
lim, @4(t) = y. 
ProoJ: We need only prove the “if” part, By Theorem 2, it suftices to 
show that w(u) c F(S). Let {I} b e a subnet of {u(t): t E G} converging 
weakly to z E C, and let E > 0. Since (u(ta)} is bounded and limsup, k, < I, 
there exists t, E G such that for t > t, and any c(, 
k: lu(t.)-~l~<Iu(t,)-z\~+~. 
Let u E F(S). Then we have, for t 3 t, and all CI, 
--E<kf lu(t,)-~~~-[S(t)u(t,)-S(t)zI~-~ 
< lu(t,) -z12- IS(t) u(t,) - S(t)z12 
= lu(t,)-u/2+2+&)-u, u-z)+ lu-z12 
-Is(t)u(t,)-ul2-2(S(t)u(f,)-u,u-S(t)z)-iu-S(t)zl2 
=IU(t,)-uU(2-~s(t)U(t,)-z4~*+IU-z~2-~u-s(t)Z12 
+2(u(t,)-u,S(t)z-z)+2(u(t,)-S(t)u(t,),u-As(t)z). 
Since {u(t): t E G} is an almost-orbit of S= {S(t): t E G} and u(hs) - u(s) 
converges weakly to 0 for all h E G, it is easy to verify that 
lim (S(t)u(t,)-u12=lim Iu(~,)--u~~, 
ar a 
44J--S(t)4L)-+o weakly. 
Thus 
-&<2(z-u,S(t)z-z)+/z-u~2-~u-S(t)z12= -lz-S(t)z12 
for t B to. It follows that limsup, IS(t)z - zj2 < E. Since E is arbitrary, we 
have lim, s(t),- = z. Now, for s E G, 
S(s)z = lim S(s) S(t)z = lim S(st)z = z; 
, I 
i.e., z E F(S) and hence w(u) c F(S). By Theorem 2, the net {u(t): t E G > 
converges weakly to some ~EF(F(S). Since y is the asymptotic center of 
{u(t): t EG} in F(S), b y L emma 5, we obtain that lim, Qu(t) = y. 
As a direct consequence, we have the following: 
COROLLARY. Let C be a nonempty closed conuex subset of a real gilbert 
space H. Let G be a right reversible semitopological semigroup and let S= 
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{S(t): t E G} be a Lipschitzian representation of G on C with limsup, k, d 1. 
Suppose that F(S) # a. Let {u(t): t E G} be an almost-orbit of S= 
{S(t): tEG). Zflim, ju(ht)-u(t)\ =Ofor alE hEG, then the net {u(t): teG} 
converges weakly to some y E F(S). 
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